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Hvusert Anson Newton was born in Sherburne, N. Y., 
March 19, 1830, and died at New Haven of the 12th day 
of August, 1896.* He graduated at Yale, taking the degree 
of A.B., in 1850, and spent the next two and one-half 
years in mathematical study. He became tutor at Yale 
in 1853 and on account of the sickness and subsequent 
death of Professor Stanley, the whole work of the depart- 
ment of mathematics devolved upon him from the first. 
In 1855 his great ability was recognized in his election, 
at the early age of twenty-five, to a full professorship of 
mathematics at Yale, the duties of which he assumed 
after spending a year of study in Europe, where, under the 
inspiration of Chasles, he became especially interested in 
the subject of Modern Higher Geometry. He carried on 
most vigorously work and studies in various lines in addi- 
tion to the duties of his professorship. Sometimes it was a 
profound study in pure Mathematics, sometimes a rich con- 
tribution to the education of the public, and sometimes an 
original investigation in the field of Astronomy. 

He published in 1857 a paper on the Gyroscope in the 
American Journal of Science, and soon after, a paper in the 
Mathematical Monthly, in which he seems to have been the 
first to apply the principle of inversion in the solution of 
the problem of constructing circles tangent to three given 
circles. He showed how deeply rooted in his mind were 
the ideas of the Modern Geometry in his elaborate papers 
published in the same journal in 1861 on the geometrical 
construciion of certain curves by points, where he extended 
the ideas of Chasles, of de Jonquiéres, and of Poncelet. 
The subject of transcendental curves he studied for a long 
time with great interest, and constructed a myriad of in- 
teresting patterns, but contented himself with publishing, 
in the joint name of himself and his pupil, the discussion 
of the single group of equations-which he found would give 
the most beautiful and symmetric forms, and which he had 
set for his pupil to investigate. 

Professor Newton was very active in securing the prompt 
adoption of the Metric System of Weights and Measures, 
both by the Connecticut Legislature and by Congress after 
the Conference of Nations on the subject, held in Berlin in 
18632 He wrote a popular tract in 1864, giving an expla- 


~ *Professor Newton was Vice-President t of ‘the AMERICAN MATHEMAT- 
ICAL SOCIETY at the time of his death.—Eb. 
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nation of the system. He contributed in 1865 to the Report 
of the House Committee on Weights and Measures at Wash- 
ington, and also to the Report of the Smithsonian Institu- 
tion on this subject. He prepared an appendix consisting 
of these tables in form for school instruction for one of the 
leading arithmetics, and interested the makers of scales and 
rulers in graduating their devices for weighing and measur- 
ing according to the Metric System. He gave his ideas to 
the public freely in reference to the graphical representation 
of all sorts of statistical information, and contributed 
lavishly his ideas to the authors of mathematical books 
used in school and college class-rooms, although he pub- 
lished no text-books in his own name. He was the joint 
author with Professor Loomis of a most elaborate paper on 
the climate of New Haven, which was published in the 
Transactions of the Connecticut Academy of Arts and 
Sciences. He prepared articles on the subject of Meteors 
for two leading cyclopzedias and contributed the mathe- 
matical and astrononical definitions to Webster’s Interna- 
tional Dictionary. Professor Newton was one of the highest 
authorities on the subject of Life Insurance and, besides 
the important actuarial work which he did, computed valu- 
able tables published by the New York Insurance Depart- 
ment in 1868, and later in the New Englander, a paper on 
the Law of Mortality that prevailed among former members 
of the Yale Divinity School, and stil] later, in Professor 
Dexter's Annals and Biographies, on the Length of Life of 
the Early Yale Graduates. 

But the contributions to human knowledge. which most 
entitle him to fame, are those which he made on the subject of 
meteors, shooting stars and comets. The facts of the great 
star shower of 1833 had given to two New Haven men— 
Professors Twining and Olnistead—a clue to the true theory 
of the shooting stars, and this, together with the interest 
which the men of science at Yale had kept up in the subject 
of meteors, influenced Professor Newton to direct his studies 
towards these bodies as the time drew near for a possible 
recurrence of the great November shower of 1833. In 1860 
he published his first paper on this subject in the Journal of 
Science. entitled ‘‘The Fireball of November 15, 1859,’’ 
and this was followed by two other papers in the same 
journal, one on the great fireball of August 10. 1861, in 
which also the August group of meteors was discussed ; 
and the other on the two fireballs of August 2 and August 
6, 1860. Professor Newton had gathered a large number 
of observations made by persons in the localities where 
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these bodies had attracted attention, and treated the subject 
with special reference to determining their nature and their 
velocity. Early in 1863, at the request of the Connecticut 
Academy, he prepared a stellar chart suited to observations 
at all times, which was distributed to persons at various 
stations for observing the August meteors. A vast amount 
of material was thus collected for computing the altitudes 
of the meteors and for obtaining some idea of their velocities. 
In July, 1863, Professor Newton published in the Journal a 
paper on the ‘‘ Evidence of the Cosmical Origin of Shooting 
Stars derived from the Dates of early Star Showers,’’ 
which not only established beyond question the fact that 
the star showers are caused by the entrance into the earth’s 
atmosphere of bodies revolving about the sun, but gave the 
key to the complete solution of the problem of the Novem- 
ber meteors. In May, 1864, he published the original ac- 
counts of thirteen remarkable displays of the November 
shooting stars, ranging from A. D. 902 to 1833, and in July 
of the same year he published a second paper in which he 
derived from these accounts the length of the annual period, 
the length of the cycle, the mean motion along the ecliptic 
of the node of the orbit of the group, and the length of the 
part of the cycle during which showers may be expected. 
He also showed that there were only five possible periodic 
times which could satisfy the ‘observed conditions, and of 
these the true orbit was probably either one with a period 
of 354.6 days or one with a period of 33.25 years. The first 
of these two he thought the more likely, and computed the 
other elements of that orbit, but he pointed out at the same 
time a criterion for determining which was the true orbit 
when the position of the radiant should be more accurately 
established. 

In August, 1864, Professor Newton presented to the Na- 
tional Academy of Sciences a comprehensive memoir on 
the Sporadic Shooting Stars. He had shortly before this 
compiled a table of computed altitudes of certain shooting 
stars which included substantially all that had ever been 
published. Using this table as a basis, he deduced the dis- 
tribution of meteor paths over the sky in altitude and in 
azimuth, the number of shooting stars that come into our 
atmosphere each day, the mean length of the visible part of 
the meteor paths, and the number of meteoroids in the 
space which the earth traverses. He also deduced the re- 
markable fact that the mean velocity could be determined 
from the number of shooting stars in the different hours of 
the night. 
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These papers of Professor Newton aroused the greatest 
interest among mathematicians and astronomers in the 
subject of meteors, and especially in the star showers pre- 
dicted for November, 1865 and 1866. The facts of these 
showers confirmed to a remarkable degree Professor New- 
ton’s theories. Leverrier and Schiaparelli, however, by 
independent methods showed that the period of the group 
was most probably 33.25 years, and Professor Adams, in 
1867, by applying Professor Newton’s criterion added the 
last link in establishing this as the true orbit of the Novem- 
ber meteoroids. 

Professor Newton, by his papers of 1863 and 1864, laid 
the foundation of the Science of Meteoric Astronomy. His 
subsequent papers. nearly thirty in number, cover almost 
every topic connected with the subject. Whether in his 
reviews of the facts concerning the November shooting stars 
in the successive years from 1864 to 1869, or in the diseus- 
sion of the Biela meteors of 1872 and of 1885, or in his 
treatment of such topics as the origin of comets, the direct 
motion of comets of short period. the capture of comets by 
Jupiter. the effect upon the earth’s velocity produced by 
small bodies entering the atmosphere, the relation to the 
earth’s orbit of the former orbits of those meteorites in our 
collections, which were seen to fall, one prominent character- 
istic of his investigation was always its exhaustive charac- 
ter. For, whatever Professor Newton did. it was not worth 
the while of any one else to cover the same field. 

Besides the papers which he published, his scientific ae- 
tivities outside the duties of his professorship were numerous 
and important. Ile organized a mathematical society in 
the early “6Cs to which he was the principal contributor. 
and to the successor of this society. the Yale Mathematical 
Club, organized in 1887. he contributed more than a score 
of papers. Ife was for many years a member of the Pub- 
‘lishing Committee of the Connecticut \eademy of Arts and 
Sciences. Ile was an associate editor of the American 
Journal of Science for thirty years. He was one of the 
principal founders of the Yale Observatory and practically 
its director till near the time of his death. 

The appreciation in which his scientifie ability and his 
labors were held is shown in the honors which he received. 
In 1862 he was made a member of the American Academy 
of Arts and Sciences. He was one of the original charter 
members of the National Academy of Sciences. founded in 
1863. In 1867 he was made a member of the American 
Philosophical Society of Philadelphia. The degree of LL.D. 
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was conferred upon him by Michigan University in 1868. 
He was made an Associate of the Royal Astronomical So- 
ciety in 1872. He was Vice-President of the American As- 
sociation for the Advancement of Science, presiding over 
the section of Mathematics and Astronomy in 1875, and 
was President of the Association in 1885. He was made a 
Foreign Honorary Fellow of the Royal Society of Edinburgh 
in 1886, and a Foreign Member of the Royal Society of 
London in 1892. 

At the April meeting of the National Academy in 1888 
the value of Professor Newton’s scientific work was publicly 
recognized by that body, in awarding to him the J. Lawrence 
Smith gold medal for his contributions to Meteorie As- 
tronomy. His reply to the address of presentation reveals 
at once his modesty and his own true scientific spirit. 

‘‘Sir: I beg to express to the Academy my high appre- 
ciation of the honor you have conferred upon me. To dis- 
cover some new truth in nature, even though it concerns 
the small things in the world, gives one of the purest pleasures 
in human experience. It gives joy to tell others of the 
treasure found. When, therefore, those best able to judge 
of the value of this addition to human knowledge say that 
it is worthy of their special public commendation, that joy 
is greatly increased. 

I shall cherish this memorial also for that it bears the 
likeness of one whose true scientific spirit we all learned to 
admire and whom, for his genial character, we all learned 
to love.”’ 

The achievements of Professor Newton, great as they 
were from a scientific standpoint, give no adequate idea, 
taken in themselves, of his power and inflience. These, 
in the larger sense have become a part of the organic life 
of the University where his work was done. He built up, 
during a leadership of forty years, a strong and symmetrical 
department of Mathematics, by his comprehensive grasp of 
the trend of mathematical thought, and by his wonderful 
power of divining the paths which lead out to fruitful fields 
of research, both within the domain of pure mathematics 
and in its applications to other sciences. Nor was the best 
part of his academic activities merely in his own department 
of studies. In moulding the general policy of the institution 
his counsel was invaluable ; in establishing and maintaining 
the moral and intellectual standards, his influence was pre- 
eminent; the University bears the indelible impress of a 
life consecrated to the development of the noblest ideals. 

ANDREW W. PHILLIPs. 
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TRANSCENDENTAL NUMBERS. 


An authorized translation by Professor W. W. BEMAN of Chapter XXV. 
of Vol. II., of the Lehrbuch der Algebra* 


BY PROFESSOR HEINRICH WEBER. 


[Professor Weber’s presentation of the recent methods of demonstrating 
the transcendency of e and =, especially in sections 205 and 206, is so 
elementary that its reproduction in English will be welcomed by many. 
For the sake of completeress the whole chapter has been given. W. W. B.] 


§ 203. 
Enumerable Masses. 


In the introduction to our work the general number con- 
cept was defined and with this general number concept we 
have operated, e. g., in the proof of the existence of a root. 
In the further course of our investigations, we have dealt 
only with algebraic numbers without stopping to inquire 
whether the content of the number domain was thus ex- 
hausted, or there were non-algebraic numbers besides. The 
existence of non-algebraic numbers, also called transcen- 
dental, was first demonstrated by Liouville. Other proofs 
have been devised by G. Cantor.+ 

We begin here with the conception, already estab- 
lished in the introduction, of a mass or manifoldness, 
which means a system of elements of any kind so far de- 
fined that in case of any arbitrary object it is possible to de- 
cide whether it belongs to the system or not. 

We distinguish between finite and infinite masses and 
introduce as our first and most important example of an 
infinite mass the aggregate of the natural numbers 1,2, 3,... 
The following definition then holds : 

1. Definition. A mass is said to be enumerable [abzihlbar] 
when its elements can be brought into a (1,1) correspondence with 
the whole series of natural numbers or a portion of the same.{ 

Accordingly every finite mass is enumerable and in the 
enumeration the series of natural numbers is used only up 
to a certain greatest number. In what follows we specially 
consider infinite masses. 


* Braunschweig, Vieweg und Sohn, 1895 und 1896. 

+G. CANTOR, Crelle’s Journal, vol. 77 (1873). ‘‘ Ueber eine Eigen- 
schaft des Inbegriffes aller reellen algebraischen Zahlen.”’ 

¢CanTor, l.c. Thenotion of enumerable masses agrees with the notion 
of simply infinite systems defined by DEDEKIND without the assumption of 
the number system. DEDEKIND, ‘‘ Was sind und was sollen die Zahlen?”’ 
26. Braunschweig, 1887. (Second unaltered edition, 1893. ) 


i 
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We may also define an infinite enumerable mass as a mass 
of such a nature that to every element a definite number 
from the series of natural numbers can be applied as a name, 
provided every number of the series of natural numbers is 
employed ; that is, a mass in which there is a first, second, 
third,... hundredth . . . element. 

Fir uy, we may also say that an infinite enumerable mass 
is one whose elements can be arranged in such an order 
that there is a first element, that each element is followed 
by a definite other one of the mass, and that every element save 
the first is preceded by a definite other element. Such a series 
we may call a countable [zahlbar] arrangement. It is 
clear chat an enumerable mass is enumerable not only in one 
way, but in infinitely many different ways. 

Besides the series of natural numbers which is manifestly 
enumerable, we may mention as a second example the system 
of rational positive proper fractions which may be enumer- 
ated, for instance, in the following manner: 


233445 6 55 6 6 
i.e., 80 that every greater denominator follows the less 
denominator, and that the fractions with equal denominators 
are arranged according to the magnitude of the numera- 
tors. If, however, the fractions were to be arranged in or- 
der of numerical value, we should not have a countable ar- 
rangement. 
2. The aggregate of all algebraic numbers iz an enumerable maze. 
To prove this important theorem we recall that every al- 
gebraic number ¢ is the root of one and only one irreduci- 
ble equation 


(1) 


where a,, a,,...a, are integral rational numbers without a 
common divisor, and a, is positive and different from zero. 
The degree n of the equation (1) is a positive integer and 
hence at least equal to1. Some ofthe numbers a,.«,....4,_, 
may be 0. 

We will now select the signs + so that + a,,>,....0, 
are not negative, and call the sum 


(2) 


the height of the algebraic number 4. The height is then al- 
ways a positive integer. 
Now it is easy to see that for a given value of the height 
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N there is always only a finite number of algebraic num- 
bers. For in the first place by (2) n can never be greater than 
V, and for given values of N and n the numbers a,, a,,...a, 
can be determined in only a finite number of ways. Among 
the functions f(4) so determined we retain only the irre- 
ducible ones. If now the algebraic numbers be arranged so 
that the numbers of less height precede those of greater 
height, that among numbers of equal height that one pre- 
cedes whose real part is the smaller, that among numbers 
of equal height and equal real part the one of smaller 
imaginary part precedes, we have a countable arrangement 
of the algebraic numbers and it is shown that the aggregate 
of all algebraic numbers is an enumerable mass. 
We have, for example: 


N=1,n=1,4,=1,4 

N=2,n=1,4,=1, a,=+1 

N=3, n=1, a, =1, a4, = +2, 
2,a,=+1 
1 


and the beginning of an orderly series of algebraic num- 
bers becomes 


9? 


Every portion of the series of natural numbers is an enu- 
merable mass: for we have only to arrange the numbers of 
such portion in order of magnitude to obtain a countable ar- 
rangement. 

Thus it appears that every portion of an enumerable 
mass is itself an enumerable mass. Hence it follows among 
other things that the mass of real algebraie numbers is 
enumerable. 


0,—1,+1,-—2,- 


§ 204. 
Unenumerable Masses. 


We now proceed to the proof of the theorem that there 
are number masses which are not enumerable and in parti- 
cular we shall show that : 

The aggregate of all real numbers even when we are restricted to 
a finite interval is not enumerable. 

For this purpose consider any enumerable mass of unequal 
real numbers which in a countable arrangement (2) may 
be designated: 
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(where it 1s to be observed that the elements may not be 
arranged in order of magnitude). 

For brevity we shall speak of that one of two elements of 
the series 2 which has the smaller index as the earlier, the 
one with greater index as the later. 

We now select any two real numbers a and f, a < f, and 
show that in the interval 6=(a, /) there is at least one 
number not found in the series 2. As soon as we have 
shown the existence of one such number for every interval, 
there must be infinitely many, since we can apply the same 
argument to every portion of the interval (a, 7). 

First, it is clear that our proposition is correct if only a 
finite number of numbers of the series 2 is contained in any 
finite portion of the interval ¢, and we may, therefore, pass 
immediately to the case where an infinite mass of numbers 
of the series 2 lies in every part, no matter how small, of 
the interval 

Designate by 2,, ?, the two earliest numbers of the series 2, 
which lie in the interval 4, assume a, < f, and put 
so that 6,=(<,, 8,) is a portion of the interval 4. 

Now designate similarly by <,, 7, the two earliest num- 
bers of the series 2 which lie within the interval 3, (exclu- 
sive of the limits), assume f, and put —,. 

We can proceed in this way and obtain an unlimited 
series of intervals 

each of which includes all that follow, and two series of 
numbers : 


all of which, with the possible exception of the first a, £, 
belong to the series 2. The numbers g,a,, a,,..., form an 
increasing series, the numbers f, /,, f,, ..., a decreasing 
series, and at the same time every < is less than every /. 

1. Hence it follows that the numbers a, have an upper limit a, the 
numbers f, a lower limit b and that a=b (see Vol. I., § 38, 1.) 
Possibly we may have a=b. 

From the method of formation of the intervals 4, ¢,,4,,... 
it follows that: 

2. If any number w of the series 2 falls in the interval 6, , ex- 
cluding its limits 4, , 2, , then w occurs later in the series 2 than 
the pair of numbers a, , 2, , belonging to the same series. 
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For a, , 8, were the two earliest numbers of the series 2 
occurring in the interval ¢,_,. Hence it follows that: 

3. The greater the index », the later are the two numbers a, , ;3, 
in the series 2, and as we have assumed the series of intervals 6, 
not to terminate ; we can advance 4, , 3, a3 far az we please in the 
series 2 by increasing » sufficiently. 

Now it follows very readily that no number g which co- 
incides with one of the numbers a, }, or, if a and 6 are un- 
equal, lies between them, can belong to the series 2. 

For the number g lies within each one of the intervals 4, . 
Now if we assume that g occurs in 2, and by (3) increase 
v so that a, , 7, come later in 2 than g, then by (2) g cannot 
lie in the interval 4, and thus the absurdity of our hypoth- 
esis is demonstrated. 

Hence it follows that the aggregate of all the numbera of an in- 
terval 4, 3 doez not form an enumerable mazs. 

This theorem may be demonstrated in another way which 
is simpler in some respects and may be briefly indicated. 
We do not restrict the generality if we confine ourselves to 
the interval from 0 to 1. We shall imagine all numbers of 
this interval represented by decimal fractions with an in- 
finite number of terms. Finite decimal fractions are in- 
cluded if we make all the digits after a certain one equal 
to zero. To render this representation by decimal fractions 
unambiguous, it must be agreed that for a finite decimal 
fraction this representation must always be chosen, so that, 
for example, 0.4999 ... must not be written for 0.5000... 

We will now assume that these decimal fractions form an 
enumerable mass. ‘They may then be arranged in a count- 
able series, represented as follows: 


1 
v, = 0. 
(2) 0. a,“ a,” 
wo, = 0.4," 4,” 


where the a") represent digits of the decimal system. 

But it is very easy to form a decimal fraction (or indeed, 
as many as we please) which is not contained in the series 
2. We have only to form 


= 0.3, 


where the 7, are digits of the decimal system, satisfying the 
one condition that for every », 7, is different from «”). This 
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number 7, which also belongs to the interval (0, 1) cannot 
he a number of the series 2. 

The formation of 7 may be made still more general by 
arbitrarily selecting the 3's as far as we please and then ap- 
plying the law, 3, = 4 

Since it has thus been shown that the real algebraic num- 
bers form an enumerable mass and that in every interval 
there are numbers which do not belong to a given enumer- 
able mass it follows immediately that : 

Iu every veal interval there are transcendental numbers. 


205. 
Transcendency of the Number e. 


It is a far more diflieult task to decide whether any given 
number is algebraic or transcendental. Here interest has 
chiefly been concentrated upon the two numbers which oc- 
cur so frequently in analysis, e, the base of the natural sys- 
tem of logarithms and the Ludolphian number =, the ratio 
of the cireumference of the cirele to the diameter. 

For the number ¢ the question was answered by Hermite 
in a celebrated memoir." which has been made the basis of 
the later investigations ypon the number =. The solution 
for the number =, which was specially interesting on ac- 
count of its relation to the famous problem of the quadra- 
ture of the circle, for a long time, however, presented insur- 
mountable difliculties. Finally, Lindemann succeeded in 
demonstrating that = also belongs to the transcendental 
numbers. But Lindemann’s proof still presented great dif- 
ficulties. These, however, have gradually been so com- 
pletely removed by the investigations of Weierstrass, Hil- 
beri, Hurwitz and Gordany that the demonstration can now 
be made with quite elementary means and in the most sim- 
ple manner. 

Tf we represent by // (1) the product 


then. for any -, 


> Comptes rendus, vol. 


*HerMite. “Sur la function exponentielle. ’ 
LXXVII, 1273. 

LINDLMANN, Ueber die Zahl IJathem. Annalen, vol. 20, 1882. 
Weierstrass, * Za Lindemann’s Abhandlung iiber die Ludolph’sche 
Zahl.’? der Berlinay Akadcmie, December 3, 1885. The 
articles by Kinnert, HURWITZ and GorDAN are all three found in vol. 
13, Mathem. (1893), the first two also in the Godttinger Nachrich- 
ten of 1593. 
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(1) 

as n increases indefinitely, approaches the limit zero and 
that more rapidly than the terms of a decreasing geometri- 
cal progression. For if k isan integer > |x| then is 


ie always a proper fraction ifh =k. Consequently 
| ! k 


lh | 
I(n) Wk) E+1 | 


jn—k 


| 


Hence it follows that the infinite series 
(2) * 11(3) 
converges for all values of z, and by it we define the ex- 
ponential function ¢, whose simplest properties we here 


assume as known from analysis. We have, in particular 
the relation 


(2) 


for any two values z, y; whence it follows that, for n a posi- 
tive integer, e” is the x power of the number 


1 
(3) e=2+ 7 (2) + (3) +... = 2.718281828459 ... 


If now r represents any positive integer, formuia (2) may 
be written 


(4) U(r) (r) + 


where 


Il (r) 
(1) 


I] (") 


x x’ z 


and this formula holds for r = 0 if we assume // (0) = 1. 
Designating | z | by =, it follows from the theorem that 
the absolute value of a sum is never greater than the sum 
of the absolute values of its parts, that 
& 


and therefore 


(5) U= 
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£ 23 


<2 
| U,| =e. 


If we put 
U,=4,¢ 


then q, is a function of x of which we know that | ¢,| < 1. 
We now substitute in formula (4) r= 0,1,... n, and write 
out the terms in reverse order as follows : 


Hl (n) = q, + + + n(n—1) + 
(6) +x (n—1) 2? 
+(n—1) 


eee ee eee 


Now assume an arbitrary integral function of x of the n™ 
degree : 


and its derivatives 
f' (2) = ne, + (n—1)e,_,277? +... 

(8) (2) =n(n—1)e, 2"? + (n—1)(n—2) 

and for brevity put 

(9) F(x) = f(z) + + 


Then F(x). is an integral function of xz of degree n. 
Finally assume 


(10) Q (2) = 6,92" Ms 
(11) P=c, ll(n) + (n—1) +... + 


Q (x) depends upon x, though not expressible rationally 
in terms of x; P, however, is independent of z. 

If we now multiply equations (6) in order by ¢,, ¢,_1,.-- ¢% 
and add, we get 


(12) P= F(z) +é Q(z). 


e=qe +1. 
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This formula will serve as the foundation for the follow- 
ing deductions. 

If we assume e to be an algebraic number it must satisfy 
an equation of degree m (say) 


(13) Q+ Ce+ 


whose coefficients C,, C,, C,,...C,, are integral rational num- 
bers,* and C, and C, are not zero. It is required to show 
the absurdity of this hypothesis. 

To this end we substitute in (12) for x successively the 
integers 0,1, 2,...m,so that § becomes identical with z, 
multiply by C,, C, and add. 

Then by (13), since Pis independent of z, 


(14) O=C,F(0)+C,F(1)+...+C,F(m) 
+€,Q(0)+C,eQ(1)+... Q(m) 


and now by a suitable choice of the still arbitrary function 
F(x) we are to show that (14) is impossible. 

We select a prime number p, which is greater than m,f 
and put 

_ 
(15) F(2)= 
so that the degree n of f(x) is equal to (m +1) p—1 and 
we now prove two things : 
(1) 0,F(0) + C,F(1)+...+ C, F(m) is an integer dif- 
ferent from zero and, therefore, disregarding sign, at least 
equal to 1. 


(2) C, Q(0) + Ce Q(1) +... + Ce” Q(m) is less than 1, 
both upon the assumption that p has been suitably dis- 
posed of. If these two points are established, we recognize 


* The following ‘definitions are given by Weber in 3 133: 
An algebraic number © is called an integral algebraic number when it 
satisfies a rational equation 


(1) + 4,6" +... 4+ An19+ Am =0 


whose coefficients A,, A,,..., Am are integers. 

Integral algebraic numbers include as a special case ordinary “a 
which, for distinction, we call integral rational numbers. W. 

+ That there is always a prime number p greater than any dina num 
ber « was already demonstrated in Evciip (Elements, Book IX., Prop. 
XX., vol. 2 of HEIBERG’s edition). The proof is simply this, that ‘the in- 
teger Ti(“)+1 which is obviously greater than u is divisible by no prime 
number, which is not greater than “, because this number gives the remain- 
der 1 when divided by the numbers 2,3,...4. Hence it is impossible 
that there be no prime number above u. 
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the impossibility of equation (14) and therefore of equation 
(13), from which (14) was derived. 

If we arrange the numerator of f(z) in powers of x we 
get an expression of the form : 


14+ +4,,,2° 4... 
Il (p—1) 


where A,_,, A,, A,-:,... are integersand A,_,=[/I (m)]’,and 
hence is certainly not divisible by p. Comparing (16) 
with Taylor’s Formula 


(16) f(z) =A 


x 


K2) + 2f'O) + 
we have 
= f'(0) =f" (0) =... = fe” (0) =0, 
0) (0) = pA’, (0)= p (p+ 
Hence 
F(0)=A,_:+pA,+p(pt+ 


is an integer not divisible by p. If, however, we arrange f(z) 
in powers of (2 — 1), we get 


+... 
Il (p—1) 4 


where B,, B,.;,... are again integers. Thence it follows as 
above by comparison with 


fe) + + pray +... 
that 
Fl) =pB,+p(p+1) Bait... 


Consequently, F(1) is an integer divisible by p, and similarly 
we can show that F(2), F(3),.../ (m) are integers divisi- 
ble by p. Since p can be chosen so large that C, is not 
divisible by p, it follows that 


C, F (0) + C,F(1) +... F(m) 


is an integer not divisible by p and hence does not vanish ; 
thus (1) is demonstrated. 

If we can show further that by increasing p,Q(2) can for 
any positive x be made as small as we please, it will follow 
that for a sufficiently large value of » the expression (2) can 
certainly be made less than 1, and our proof is completed. 
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Returning to the expression (10) for Q(z), let 7,, 7.1, 
- ++ 7, denote the absolute values of the coefficients ¢,, ¢,_1, ... ¢ 
of f(z). Since q,,4q,.1,...are less in absolute value than 


1, if appears that for every positive x, | Q (x) | is less than 
(17) (2) + +... 


: The coefficients ¢,,¢,_,,...¢, of the function f(z) in (15) 
differ from the 7,, 7,.,--.7, only in sign. If we replace z 
by — 2, thus forming the function 


f(- x) (1 + zy (2+ x) eee (m + x)? 


this function has the same coefficients as f(z) but with all 
the signs positive. It is therefore nothing else than the 
function ¢ (x). 

If we put 


then 


and, as shown at the beginning of this section, with p in- 
creasing indefinitely this approaches the limit zero. 
Therefore e is a transcendental number. 


§ 206. 
Transcendency of the number =. 


By the same methods we may now show the transcendency 
of the number =. As definition of this number we use the 
property that it is the least positive number which satisfies 
the equation 


(1) = 


when ¢’ is defined by the formula § 205 (2). 

If we assume now that = and consequently i= also is an 
algebraic number, then is i= one of the roots of an irreduci- 
ble rational equation 7(z)= 0 whose coefficients are inte- 
gral rational numbers. 

If we denote the various‘roots of this algebraic equation 
by 4,, 7,,...4, and the coefficient of x” in 7 by a, then 


(2) (2-3); 


and the products a 7,, 4 3,,...@,3, are integral algebraic num- 
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bers and their integral symmetric functions therefore in- 
tegral rational numbers (§ 133). 

As the number i= must occur among the /’s, we must 
have by (1): 


(1 +) (1+)... (1 +o) = 0, 
or expanding 


Among the exponents in this sum the number 0 may oc- 
cur several times; suppose (C — 1) times so that C is a 
positive integer at least =1. The remaining exponents 
8, + B,,2,+ 2, +8,,..., of which may be equal to one 
another, we will cesignate by <,, z,,...4,, 80 that the equa- 
tion becomes. 


(3) e%=0. 


The quantities a,, 2,,...a, are algebraic numbers which 
multiplied by the rational integer a become integral alge- 
braic numbers. The symmetric functions of the various 
sums at the same time symmetric 
functions of f,,... ,,and therefore rational numbers. These 
sums are therefore the roots of a rational equation and since 
the rooi 0 can be removed as often as it occurs, the quantities 
a,,4,,...4, are also roots of a rational equation. The funda- 
mental symmetric functions of the quantities a «,,a4,,...aa, 
are integral rational numbers. 

The absolute values of the numbers 


1) "2? 


we shall designate by 

If in equation (12) of the previous section we put 
z= 0,4,,4,,...4¢,, and apply equation (3), we obtain 
(4) 0=CF(0) + F(a,) + +... + 

+6 Q (0) +e Q(4,) +e Q(4,) +... +e Q (a); 

and we have to show the impossibility of this equation by 
a suitable choice of f(x). 


Let p again be a prime number which may increase with- 
out limit, and put 


\ 
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(6) fs) 
so that f(z) is a function with rational coefficients. 
As in the previous section we arrange in powers of z: 


U(p—1) 
where A,_,, A,, A,.:,...are integral rational numbers and 
= (—1)* a Pa? 


If we assume p greater than either of the rational integers 
@, AMG, 


A,_, will not be divisible by p and hence 
F(0) A,, + pA, +p (p+1) +... 
will be an integer not divisible by p. Likewise if p is taken 
sufficiently large C is not divisible by p. 
On the other hand, arranging the numerator of f(z) in 
powers of a (1—<a,) we obtain 
_ Ba? (x—4,) (z—a,) 794+... 

f(x) = (p—l) 
where B, B,_,,... are no longer rational but are integral al- 
gebraic numbers, since the numerator of f(x) is an integral 
function of ar, az,....aa,. 

From this it follows as in the last section that 
F(a.) +... 
If similarly we form F (2,), F (¢,),...F (4, ) and observe 
that the sum 
B, (a,) + B, (a,) +... + B, (a) 
is an integral rational number, it follows that 
F(a,) + F(a,) +... + F(%) 
is an integral rational number divisible by p. Hence finally 
we conclude that 
CF (0) +F + F(a) +... + F(%) 


is an integral rational number not divisible by p, and hence 
not equal to zero; it must therefore, disregarding sign, be 
at least equal to 1. 
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If now finally it can be shown that with the present 
choice of f(z) the function Q(z) can be made as small as 
we please, for any value of z, by a suitable increase of p, we 
may show, as before, the impossibility of equation (4). 

This may be seen as follows: Instead of the function 


(6) f(z) =e +6 
consider the function 


(2+ a,)? (2+ 
(p—1) 
+ + Yoo 


which has all its coefficients positive, (though not necessa- 
rily rational). The coefficients ¢,, ¢,_,,...are formed by 
wenree™ and addition from the numbers a, —a,, —a,, 
.. —4a,, and the corresponding coefficients ;,, 
are obtained from these on replacing —«,,—a,,...— a, by 
their absolute values a,, a,,... a, ; whence by the theorem 
previously mentioned it follows that the coefficients y,, 7.1, 
. are certainly not less than the absolute values of the cor- 
responding coefficients ¢,, ¢,1, 
Now for every finite z whose absolute value is 5, the ab- 
solute value of Q(z) by $205 (10) is not-greater than 


and that </(=) can be made as small as we please by in- 
creasing p sufficiently — from the form 


¢(z)= 


where 
X= a'tlz(x+a,) 
Hence it is proved that: 
The number = is a transcendental number. The quadrature of 


the circle can not be effected by any geometric construction in 
which only algebraic curves and surfaces are employed. 


§ 207. 


Lindemann’s General Theorem Regarding the Exponential 
Function. 


The transcendency of the numbers e and =, just demon- 
strated, is contained as a special case in a very general 
theorem regarding the exponential function announced by 
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Lindemann in the memoir above mentioned, of which an 
extended proof was given by Weierstrass in his memoir. 
We propose to demonstrate this theorem here by the use 
of the same methods as in the two special cases. The 
theorem may be stated as follows: 

I. An equation of the form. 


(1) + Cler+...+C, em =0 


is impossible if the coefficients C,, C,,... Care algebraic numbers 
and the exponents z,.z,,...z,,are distinet algebraic numbers, unless 
all the coefficients C,, C,,...C, are equal to zero. To prove 
this we establish first a lemma. 
Let 

be any real or imaginary but distinct quantities, and 


likewise arbitrary quantities which do not all vanish. 
Similarly for the two series of quantities 


eee 
Designate by 
rat) ==" 
the distinct sums among the rs sums 2, + ?, and put 
(2) A=A,e% + +...+4, €%, 
B= Bie: + +...4+B, 6%, 
(3) A B= + C,e2 +...4-C,er, 


The lemma to be proved may then be stated as follows: 

1. The coefficients C,, C,, ... C, can not all vanish. 

In the proof of this theorem we may obviously assume 
that no one of the coefficients A,, 4,,...A,, B,, B,,...B,van- 
ishes, since those that vanish may be omitted. 

For brevity we shall say for the moment that of two dif- 
ferent complex numbers a,b, a is less than b (a <b) when 
th» real part of ais less than the real part of 5, or if the 
real parts are equal, when the imaginary part of ais less 
than the imaginary part of 6. 

If, in this sense, a < 6, b < ¢, then isa <cand if a 
e<d,thenisa+e<6+4d. 

In every finite series of distinct complex numbers there 
is then a definite minimum and hence if «, is the least 


= 
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among the 2’s, 2, the least among the /’s, then is a, + 7, the 
least among the ;’s,and this sum is not equal to any other 
of the sums a,+ ?,. Therefore C,= A, B,, and C, is differ- 
ent from zero, which was to be proved. 

This theorem may now be generalized by mathematical 
induction. 


2. If 
Ale + Ale! +... 
AY = + 


are any number of sums of the form (2), and y,, y,, -.. the 
distinct sums among the expressions 


then in the product 


not all the coefficients C,, C,,...are equal to zero. 

This lemma enables us in the proof of theorem (1) to 
make the simplifying hypothesis that the coefficients C,, 
C,,... C,, are integral rational numbers. 

Having assumed the existence of an equation of the form 


(5) + Xe2+...=0 


with algebraic coefficients X,, X,,... and distinct exponents 
,,%,,+-. we may always suppose the X,, X,,... to belong to 
the same algebraic corpus [Korper]* 2. 


*The following résumé of WEBER’s definitions we take from 
MATHEWs’s review in Nature, vol. 55 (1896), pp. 25-28: The notion of 
a corpus, which is of the most fundamental character, is due to Dedekind, 
and is as follows: Left us take a finite or infinite system of elements 
a, 3, y, ete., concerning which nothing is assumed except that they can 
enter into rational combination according to the rules of ordinary algebra; 
then the totality of all rational functions of a, 3, y, etc., except those 
which involve division by zero, constitutes a corpus denoted by 

Q (a, B,y,.-.). 

The simplest corpus is that of all rational numbers. This is contained 
in every other corpus; for if » be any element of the corpus, then by defi- 
nition the corpus contains © / , that is, unity; and from this all other 
numbers may be derived by rational operations only. 

If the elements of a corpus are all numbers it is called a numeri¢al 
corpus, but the elements may be independent variables, or even variables 
subject to algebraical conditions. 

If &2 (a, 3, y,...) is any corpus, and 2 any quantity not contained in it, 
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Designate by u,,u,,... variables and construct the norm 
of the linear form X,u, + X,u,+... 


(6) N (X, u, + Xu, +...) O 


which is an integral homogeneous function of the variables 
u with rational coefficients, whose degree is equal to the de- 
gree of the corpus 2. 

If in (6) we put 


U, = 1, = 2,..., 


every product of the variables u becomes a quantity of the 
form e*, where z is a sum of numbers z, and %(u,, u,,...) 
becomes an expression of the form C,e + C,e + ..., whose 
coefficients are rational numbers. If the X,, X,,...do not 
all vanish, C,, C,,... by (2) are not all zero, even when 
the equal terms in the function 9(e* , e ,...) are combined 
into a single term Ce*. But if equation (5) holds, then 
,e,...) = 0 and hence 


Clez+...=0. 
If any of the coefficients C\, C,, ... are fractions, they can 


be converted into integers by multiplying the equation by 
the lowest common denominator. 


the corpus 2 (x, a, 3, y,) is said to be derived from 2 (a, 3, ,...) by the 
adjunction of z. 
If z is an undetermined variable, the pc!ynomial 
J (2) + 4,27 "+...+4, 
is said to be a function in 2, when all the coefficients a, a,,. ..a» belong 
to &. 

When 2 is given, we may, if we like, regard all the quantities belong- 
ing to it as rational : for this reason Kronecker calls a corpus a domain of 
rationality. 

A function in @ is reducible (in 2) if it can be resolved into the prod- 
uct of two functionsin 2. A function which is irreducible in 2 may be 
reducible ina corpus derived from 2 by adjunction. 

Let f(z) be an irreducible function i in 2 of the n™ degree in z; then the 


equation 
f(z) =0 


is assumed to have n conjugate roots z,, 2, ...2n. If 2 isa numerical cor- 
pus, the roots haveactual numerical values ; but this is really immaterial 
so far as the general algebraic theory of the corpus is concerned. By the 
separate adjunction of ‘the roots, we obtain the conjugate corpora 2 (z,), 
. 2») . 2( 2n). each of which is called an algebraical corpus of the 
» degree. These conjugate vorpora are not necessarily all different; they 
may, in fact, be all identical, and the corpus is then called a Galoisian or 
normal corpus. WwW. W 


= 
= 
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3. We need then only to show that equation (1) can not hold 
for any system of integral rational numbers C,, C,, ...C,, which 
do not all vanish. 

We assume, therefore, the existence of an equation 


(7) + Aver+...=0 


whose coefficients A,, A,,... are integral rational numbers, 
not all = 0, the exponents z,, x,, ... being distinct algebraic 
numbers. Designate by 2 a normal corpus [Normalkorper] 
to which all these numbers z,, z,,... belong, and by 6 a 
primitive number of this corpus; further by 


(6, 6’), o” =(6,8"),... 


the substitutions of the corpus 2. If by one of these substi- 
tutions, o', the numbers z,, z,,... pass into z,’, z,',... then 
these also must be distinct. 

Let now u be a variable and put 


(8) U=Ajes+ +... 


Apply to this function all the substitutions o’, o”,... and 
designate the functions thus obtained by U’, U”,... Al- 
though we are not dealing with algebraic numbers simply, 
we may call the product of all these functions the norm of 
U. This product has the form 


(9) N(U) = Ce + Cle +..., 
where the C,, C,,... are likewise integral rational numbers. 
The quantities z,, z,,... are numbers of the corpus 2, which, 


if we combine terms with like exponents into a single term, 
we may assume to be distinct. At the same time we have 
on account of (7) 


(10) Cert Cert...=0. 


The expression in the second member. of (9), as shown by 
its formation as norm, has the property of remaining un- 
changed after any one of the substitutions o’, «”,... If we 
expand (9) in powers of u, every term of the expansion must 
possess this invariant character ; hence, if h is an arbitrary 
positive exponent, the expression 


+0 


must admit the substitution ; but this sum is a number of 
the corpus 2, and hence a rational number. This may be 


= 
— | 
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summed up as follows: If g(z) designate any integral 
function of z with rational coefficients, then is 


C,9 (4,) + C,9 (2,) + eee 
a rational number. 


4. The proof of theorem I is thus reduced to the proof of the fol- 
lowing special case: Given an equation 


(11) + Cer +...+ Clem=0 


in which 2,,2,,... 2, are distinct algebraic numbers, while 
C,, C,,... €,, and the combinations 


(12) (4) + C,9 (2) +.--+ Cig (z,) 


are rational numbers, if g(z) be any integral function with ra- 
tional coefficients, then must C,, C,,...C_, all vanish. 

To prove this theorem we determine first a positive in- 
tegral rational number ¢ such that 
(13) cz 


1 


become integral algebraic numbers. We assume the co- 
efficients C,, C,,...C,, to be integral rational numbers and 
form an integral function 


(14) ¢ (4) +a,7'4+...4+4 


with integral rational numerical coefficients, which pos- 
sesses the following properties : 

(1) Thenumbers s,,.r,,...2,, are found among fhe roots 
of ¢ (14) = 0. 

(2) The sum 


C, ¢’(2,) + Ce. 73 aes + («,,)=k 


which by hypotheses (12), (13) is a rational integer, is dif- 
ferent from zero. 

To see that such a function as ¢(x) always exists take 
first a function 7(x), which satisfies only condition (1), 
and the second condition that no one of the numbers 
Z,,2,,--.%,, is a double root of 7(x). Sucha function mani- 
festhy exists. We may, for example, to get a function 7 
take the norm of the product («—2z,) («—~2,)...(a—z,) 
freed of any divisors that it may have in common with its 
derivative. Now put 


= 
= 
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Then the sum 
certainly cannot vanish for every exponent h, since other- 
wise, contrary to our hypothesis, C, 7'(z,),...C_z'(z,) would 
all equal zero. 

Now that the existence of a function ¢(x), such as was de- 
sired, has been established, we apply the formula § 205 (12), 

P(x) = F(x) + & Q(z). 


In this we put z = z,, 230+ + 2 and designate the absolute 
Then by (11) we 


(15) 0=C, F(z) + Fy) +... +0, F(,) 
+ C,e Q(z,) + Q(z,) +...+C,, em F(z,), 


and if f(z) is an arbitrary integral function of the n™ degree, 
we have 


(16) F(z) = f(z) +f'(2) +... $f(2). 


Designating by p a natural prime number which may be 
made as large as we please, we put x= cz [according to 


(13)] and 
_ 9(z)?* 


where. g(x) is the function satisfying the conditions 
ee in powers of (z—z,) we may write 
(2)? (2) = + A, (2,) 
+ A,,,(2,) +... 
where A, (x,),A Z,),-.. are integral algebraic numbers 


and rational functions of x,. On the other hand by Taylor’s 
theorem : 


S(2) + @ 4) (z,) + 
and ¢ (z—z,) =z—2,. The comparison shows that 


= perl, (2) =p et 
and hence 


= 
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+ pe’ A, +p (p+1)e" A,,,(2,)+...5 


in this z,,z,, may be replaced by z,, z,, or by 2,, z,, etc. 
Accordingly the integral rational number 


C,F(4) + C, C, 
is congruent, to the modulus p, to 
+ C,¢' (z,)? +... + 
Since C,, C,,...,C, are integral rational numbers, it follows 
P 


that C?= C,, C?= C,, ... (mod. p), and by an application of 
the polynomial theorem, 


[C,¢' (2,) + +...+ =F (mod. p). 
Accordingly we have the congruence 
(18) F(z.) + C, +...+C, F(z.) =e" (mod. p). 


Now the numbers ¢, k are independent of p, and hence we 
can take p so large that it will not be contained in ¢ and in k. 

5. Hence the sum C, F (z,) + C,F(z,)+...+C,F(z,) is an 
integral rational number different from zero and therefore at least 
equal to 1. 

We designate by ¢, (x) the integral function derived from 
¢(x) on replacing any negative coefficients among a, a,,4a,,... 
by their positive values. The function 


¢, (2) 
p—1) 


hich thus results from (17) will have only positive coeffi- 
cients and these coefficients are in absolute value certainly 
not less than the corresponding coefficients of f(z), because the co- 
efficients of f,(z) are derived by addition from the same 
numbers which in the formation of the coefficients of f(z) 
are partly added, partly subtracted. 


Hence from formula § 205 (10) letting 7= ||, we 
have 
19(2)) 


’ 


6. And therefore for any finite value of z Q(z) can be made as 
small as we please by «a sufficient inereaze of p. 

By 5 and 6 it has been shown that if p be taken large 
enough equation (15) is impossible. Henee 4 and conse- 
quently the whole theorem I. is proved. 


= 
= 
— 
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This theorem now admits of manifold applications. It 
gives us first the transcendency of e, if we regard (;,(C,,... 
Z,, 2,,--- a8 integral rational numbers. It gives further the 
transcendency of =. For from the equation 1 + e* =0 it 
follows by I. that i=, and consequently =, can not be alge- 
braic. 

It follows further that 

For every algebraic number x, except x = 0, X = e* is a trans- 
cendental number. 

For every algebraie X, except X = 1, every natural logarithm 

= log X is a transcendental number. 

For every are which stands in an algciraically expressible rela- 
tion x to the radius, except x = 0, X = sin x is a transcendental 
number. 

This follows from I, since 21 X = e# — e~*. 

The same is true for the other trigonometric lines cos z, 
x 
2 
sult: The transcendental equation tan z= az for « alge- 
braic has, except 0, only transcendental numbers for roots. 


tan z, and for the chord | sin To add one more re- 
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A Geometrical Treatment of Curves which are Isogonal Conjugate 
to a Straight Line with respect toa Triangle. PartI. BylI. J. 
Scuwatr, Ph. D., University of Pennsylvania. Boston, 
Leach, Shewell and Sanborn, [1895]. 8vo. 6 and 46 pp. 
Four points serve to pair off all the points of a plane, if 

we take for any point its conjugate with respect to all conics 

through the four points. This is the reversible transforma- 
tion which Durége (Ebene Curven dritter Ordnung) calls 

Steiner's ‘Transformation. The absolute or circular points 

at infinity may be one of the point pairs; the conics are then 

rectangular hyperbolas, and the four basis points are or- 
thocentric. Any two points 00’ forming such a pair, when 
considered with reference to the diagonal triangle A B C of 
the four points. are said to be isogonal conjugates, for the 

reason that 4 Oand A O’ make opposite angles with A B 

and A C. 

‘Transformation by isogonal conjugates is thus a special 
view of a simple transformation of great importance. In 
Dr. Schwatt’s pamphlet, of which a continuation is in 
hand, the method is applied in particular to the discussion 
of the transformation of a straight line, which is, of course 


= 
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a conic through A, B, C. Since the circular points pass into 
each other, the line « becomes the circle ABC. Thus the 
behavior of a line with respect to this circle determines the 
nature of the conic found by transforming the line. This is, 
in effect, Dr. Schwatt’s starting point. He then discusses 
in detail the form of the conic for special lines connected 
with the triangle. As aspecimen hyperbola, the isogonal 
conjugate is taken of that diameter of the circle A BC 
which passes through the point called by different writers 
the symmedian point, Grebe’s point, and Lemoine’s point. 
It is enough here, to characterize this point K, to say that 
A BC Kisa “ Polviereck ’’ or conjugate tetrad of the circle. 
As a specimen ellipse, the isogonal conjugate of the polar 
of K as to the circle is considered in detail. This ellipse 
also has aliases, being called here Steinev’s ellipse, but be- 
ing also called the maximum circum-ellipse. 

The properties of Simson’s line are also considered, and 
many details are given as to various points, lines and tri- 
angles connected with the given triangle. The method 
employed is for the most part that of Euclid. The nomen- 
elature used differs a good dea: from that of Casey. In 
one instance the same name is applied differently; Kiepert’s 
hyperbola is with Casey and others a definite hyperbola, 
bui with Dr. Schwatt it is any hyperbola through A B C. 

The question of giving references, when dealing with 
matter both fairly recent and elementary, is an open one. 
In this case none are given; but it seems a pity not to give 
a short list of works on the subject, and a crifical, or expur- 
ga.orial, list would be useful. 

F. Mor.ey. 


Annuaire pour An 1897 publié par le Bureau des Longitudes. 

Paris, Gauthier-Villars et Fils. 

The Annuaire for 1897, which has just appeared. contains 
738 pages of tables and descriptive matter and 175 pages of 
appendices. The astronomical data, which are as usual, 
very complete. include the comets discovered up to the end 
of L895 antl the asteroids up to 1896, September 7th: the 
latter were then 431 in number. <A new double star orbit, 
that of S 1879, is introdueed, and some new determinations 
of previously known orbits are added. There are, however, 
some further changes which might have been made. On p. 
15 the value 8”.86 is used for the solar parallax in pref- 
erence to the now generally accepted value of 8”.80 which 
is merely mentioned in a foot-note. In the same place the 
mean distance of the earth from the sun is given to eight 
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significant figures. This is surely unnecessary, seeing that 
the solar parallax. on which its determination directly de- 
pends, is scarcely known to three significant figures; the 
result is useless to astronomers and misleading to others. 
Again the definition of the mean equatorial horizontal 
lunar parallax (p. 187) is inaccurate. The value given is 
not that which corresponds to the mean distance of the 
moon from the earth, but that which corresponds to the 
mean value of the ratio of the angle (or sine of the angle) 
under which the earth is seen from the moon, that is, the 
value of the constant term in the expression for the parallax 
when the latter (and not the distance) is expressed as a 
sum of periodic terms. 

The articles contained in the appendices are chiefly astro- 
nomical in character. The first three by Tisserand, prob- 
ably almost the last of his scientific contributions, refer to 
the proper motion of the solar system and to accounts of 
the fourth session of the international photographic chart 
committee and of the progress made by the commission on 
fundamental stars. The first of these is mainly historical, 
containing a brief resumé of the methods used to obtain the 
velocity and apex of the sun’s way with the resulting values. 
In appendix E, ‘‘ Les Epoques dans I’ Histoire astronomique 
des planétes’’, M. Janssen discusses the well-worn question 
of the habitability of the planets. In the following ar- 
ticle the same writer reports on the progress made in the 
observatory on Mont Blanc; as those who attempted to 
walk above the snow-line in Switzerland last summer may 
imagine, little was done owing to the unusually bad weather. 

Perhaps the most interesting article is one by M. H. 
Poincaré on the new rays of various kinds which have been 
lately discovered. It is not often that we have the privilege 
of reading a perfectly clear and at the same time elementary 
exposition of the details of a popular scientific discovery 
from so high an authority on mathematics and physics. 
M. Poincaré first explains the different kinds of radiation 
which are reeognized as being due to transverse vibrations 
of the ether. He adds that nothing proves the non-exist- 
ence of longitudinal vibrations, in spite of Maxwell's equa- 
tions. If experience teaches us that the latter kind may 
exist, ‘‘il suffirait de changer les équations d’un trait de 
plume.’’ Sections are then devoted to the practical and 
theoretical details of the cathode and Réntgen rays. With 
regard to the theories brought forward to explain the former 
—the emission theory of charged particles of matter (which 
is characterized as English) and the undulatory theory 
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(‘*German’’)—M. Poincaré preserves a judicial impar- 
tiality, simply giving the arguments pro and con. As to the 
Rontgen rays, the resemblance which they bear in many 
respects to the Becquerel rays tempts the author to conclude 
that they are of the same nature as light rays and that they 
owe their singular properties to their very short length of 
wave. It may be mentioned that at a recent session of the 
Cambridge Philosophical Society (see Nature, 1896, Decem- 
ber 17), Professor Stokes has made an attempt to reconcile 
the conflicting theories of the kathode rays, adopting the 
emission theory in the main to account for their properties, 
while he believes that the X-rays are either of very short 
wave length or are non-periodic in character—somewhat in 
the same way as the ‘‘hedge-fire’’ of a regiment of soldiers. 

The other appendices contain obituary notices of Fizeau 
and Tisserand and, what is rare in French books, thoroughly 
good indices. 

In spite of the general completeness of the volume, some 
subjects are entirely omitted. No meteorological statistics 
are given; a few charts or tables of average temperature, 
rainfall, prevailing winds and currents, etc., might not un- 
reasonably have been expected. Again, on p. 77 we miss 
the maps which give at a glance the regions over which the 
solar eclipses for 1897 are visible, while a detail like a chart 
of stellar spectra is inserted on p. 353. Political considera- 
tions will doubtless account for the inclusion of the Sahara 
amongst the French possessions in one place and its exclu- 
sion in another. But we should like to know what ‘‘ motifs 
d’ordre purement administratif’’ induce the Railway au- 
thorities in France to keep the clocks inside the stations 
some minutes slow while the clocks outside mark the correct 
Paris mean time! 

Exnest W. Brown. 
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NOTES. 


A REGULAR meeting of the AMERICAN MATHEMATICAL So- 
cieTY was held in New York on Saturday afternoon, January 
30, 1897, the Vice-President, Professor R. 8. Woodward, in 
the chair. There were nine members present. On the recom- 
mendation of the Council the following persons, nominated at 
the preceding meeting, were elected to membership: Profes- 
sor WiLL1AM WeEIpmMAN Lanpis, Dickinson College, Carlisle, 
Pa.; Dr. Isape, Mappison, Bryn Mawr College, Byrn Mawr, 
Pa.; Professor CHAkLEs Lewis THornBureG, Lehigh Univer- 
sity, South Bethlehem, Pa.; Miss Mary Frances Winston, 
St. Joseph High School, St. Joseph, Mo. Nine nominations 
for membership were received. The report of the committee 
appointed to audit the Treasurer’s accounts for 1896 was 
presented and accepted. 

Resolutions in memory of the late Vice-President of the 
Society, Professor H. A. Newton, were presented by the 
Council and adopted by the Society. 

The following papers were read : 

(1) Professor CHARLoTTE AnGas Scott: “ On Cayley’s the- 
ory of the absolute.”’ 

(2) Dr. G. A. Mrtter: “On the transitive substitution 
groups whose orders are the products of three prime factors.” 
(Communicated to the Society through Professor Fiske.) 

(3) Professor E. D. Roe: ‘ On two developments.” 

(4) Professor THomas S. Fiske: ‘‘ Note on the integration 
of a uniformly convergent series through an infinite inter- 
val.” 

In the absence of Professor Roe his paper was read by the 
Secretary. 


In response toa call issued by several members of the 
AMERICAN MATHEMATICAL Society, resident in or near Chi- 
cago, a mathematical conference was held in the University 
of Chicago, December 31, 1896, and January 1, 1897. There 
were two sessions daily, at 10 a. m. and 2:30 P. mM. respec- 
tively. Professor E. H. Moore occupied the chair, and Dr. 
E. M. Blake acted as secretary. Among those in attend- 
ance were the following members of the Society: Dr. E. M. 
Blake, Professor Chas. H. Chandler, Professor Ellery W. 
Davis, Dr. Harris Hancock, Professor T. F. Holgate, Pro- 
fessor H. Maschke, Professor Thomas E. McKinney, Pro- 
fessor M. McNeill, Professor E. H. Moore, Professor H. B. 
Newson, Professor P. H. Philbrick, Professor James B. 
Shaw, Professor Edgar J. Townsend, Miss Estella K. 
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Wentz, Professor Henry S. White, Miss Mary F. Winston, 
Dr. J. W. A. Young, Professor Alexander Ziwet. 

A resolution was adopted that, in-the opinion of the Con- 
ference, it was desirable for the members of the American 
Mathematical Society to hold in Chicago at least two meet- 
ings a year for the reading and discussion of mathematical 
papers, one during the Christmas vacation and one in the 
spring. 

a H. S. White, Dr. E. M. Blake and Dr. J. W. 
A. Young were appointed a committee to make the neces- 
sary arrangements for a meeting to be held in the spring of 
1897. 

The following papers were read : 

(1.) Linear euthymorphic functions of the first order. 
Dr. E. M. BuaKke. 

(2.) A geometrical picture of the ‘‘ fifteen school girl ’’ 
problem. Professor ELLERY W. Davis. 

(3.) Questions on the theory of substitution groups. 
Professor ELLERY W. Davis. 

(4.) Construction of conics from imaginary elements. 
Professor T. F. HoLGAre. 

(5.) The projective group. Professor H. B. Newson. 

(6.) The reduction of Kronecker’s modular systems. 
Dr. Harris Hancock. 

(7.) Theory of continuity. Professor James B. SHaw. 

(8.) Cireular transformations. Dr. ARNoLD Emcu. (Pre- 
sented by Professor H. B. Newson.) 

(9.) On series of sum-totients. Professor D. N. LEHMER. 
(Presented by Professor ELLERY W. Davis. ) 

(10.) Transformation of homogeneous differential ex- 
pressions. Professor H. MAscHKE. 

(11.) Coneerning the abstract group of order k, holoedric- 
ally isomorphic with the symmetric substitution group of 
k letters. Professor E. H. Moore. 

(12.) Synthesis of primitive regular reticulations. Pro- 
fessor Henry S. WHITE. 

(13.) Note on the theory of hypergeometric functions. 
Miss Mary F. Winston. 

(14.) The cubic resolvent of a binary quartic derived 
(after Hilbert) by invariantive process. Professor Henry 
S. WuirTe. 


| 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


BERNHARDT (P.). Philipp Melanchthon als Mathematiker und Phy- 
siker. Reprint. Wittenberg, Wunschmann (1865), 1896. 8vo. 6 and 
74 pp. Mk. 1.00 


CANNIZzO (F.). Varieta di rotazione nello spazio 4 cinque dimensioni. 
Roma, Tipografia Sallustiana, 1896. 4°. 32 pp. 


CEsARO (E.). Lezioni di geometria intrinseca. Napoli, Accademia 
delle scienze, 1896. 8°. 263 pp. 


CoMBEROUSSE (C. DE). Cours de Mathématiques, 4 l’usage des can- 
didats 4 1’Ecole polytechnique, 4 1’Ecole normale supérieure et 4 
1’Ecole centrale des arts et manufactures. (En 6 volumes.) Vol. V: 
Géomé¢trie analytique, plane et dans l’espace. Eléments de géomé- 
trie descriptive. 2e édition. Paris, Gauthier-Villars, 1896. 8vo. 


FIiscHER (K.). Ueber kanonische Systeme algebraischer Funktionen 
einer Verinderlichen, die einem Gattungsbereich dritter oder vierter 


Ordnung angehéren. Berlin, 1896. 4to. 23 pp. Mk. 1.50 
GOULD (E. S.). A primer of calculus. New York, Van Nostrand, 1896. 
16mo. 91 pp. Mk. 0.50 


GuGLIUzzZo-Fazio (A.). Sui multipli dei numeri della forma 109 + R, 
con R=1, 3, 7, 9, e sopra una operazione di divisibilita. Palermo, 
1896. 8vo. Mk. 1.50 


LAFFAILLE (J.). La science des chiffres, contenant la loi de la divisi- 
bilité, la recherche immédiate des nombres premiers, les réducteurs 
des nombres premiers, l’emploi général de 10-1, ete. Paris, Laffaille, 
1896. 8vo. 140 pp. 


LOWENBERG (G.). Einleitung in die héhere Mathematik. Leipzig. 
1896. 8vo. Mk. 3 00 


MaKarow (N.). Linear perspective in the plane. (Russian). St. 
Petersburg, 1896. 8vo. 510 pp. With an atlas 66 plates in 4to. 
Mk. 18.00 


MARTIN (ARTEMAS). Notes about square numbers whose sum is either 
a square or the sum of other squares. ( Mathematical: Magazine, Vol. 
II, pp. 209-220.) 4to. 


MARTINI-ZuCCAGNI (A.). Lezioni di aritmetica teorica. Teoria dei 
numeri razionali. Livorno, 1896. 12mo. 328 pp. Mk. 2.50 

Masstny (P.). Sui sistemi di linee di una superficie lossodromici rispetto 
ad un sistema di geodetiche. Roma, Balbi, 1896. 

NEKRAssow (P. A.). Lectures on the tlieory of probabilities. (Rus- 
sian.) Moscow, 1896. 8vo. 4 and 179 pp. Mk. 4.00 

REreEtro (P.). Corrispondenze polari di caratteristiche a, b,c. Sassari, 
1896. 8vo. 25 pp. MK. 1.80 

SCHLESINGER (L.). Handbuch der Theorie der linearen Differential- 


gleichungen. (In 2 Banden.) Band II, erste Hialfte. Leipzig, 
Teubner, 1896. 8vo. Mk. 14. 
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ScHorreN (H.). Die Grenze zwischen Philosophie und Mathematik, 
mit besonderer Beriicksichtigung der modernen Raumtheorien. 
Berlin, 1896. 4to. 12 pp. Mk. 0.80 


Van VLECK (E. B.). On the roots of Bessel- and P-Functions. (Ameri- 
can Journal of Mathematics, Vol. XIX., No.1. Pp. 75-85. 


Veccui (S.). Lezioni di geometria proiettiva, dettate nell’ anno acca- 
demico 1895-96. Parma, Bartoli, 1895-96. 8vo. Pp. 1-94. 


Il. ELEMENTARY MATHEMATICS. 


ApAM (V.). Taschenbuch der Logarithmen. 23ste Auflage. Wien, 
1896. 12mo. 9 and 99 pp. Mk. 1.00 


Botte (F.). Leitfaden fiir den Unterricht in der Planimetrie zum 
Gebrauche an Navigationsschulen. Hamburg, Peuser, 1896. 8vo. 
48 pp. Mk. 1.20 


GALDEANO (Z. G. DE). Geometria general. Parte I: Teoremas, pro- 
blemas, y métodos geometricos. Zaragoza, 1895. 8vo. Mk. 5.00 


Gauss (F.G.). Fiinfstellige vollstandige logarithmische und trigono- 
metrische Tafeln. 50ste Auflage. Halle, 1896. 8vo. 166 7 35 PP 
k. 2 


Hopes (C. A.). The elements of plane geometry. New York, —_ 
1896. 12mo. 7 and 240 pp. $0.75 


J. (F.). Exercices de géométrie, comprenant |’expos¢ des méthodes 
géométriques et deux mille questions resolu¢s. 3e dition. Paris, 
Poussielgue, 1896. 8vo. 19 and 139 pp. 


Jones (G. W.). Four-place logarithms. Ithaca, Jones, 1896. 16mo. 
8 pp. 

KeEwitscH (G.). Vierstellige Logarithmen fiir den 
Leipzig, Reisland, 1896. 8vo. 40 pp. 


KLEINMICHEL (W.). Maxima und Minima vom Standpunkte des Gym- 
nasiums. Posen, 1896. 4to. 28 pp.. Mk. 1.50 


KRrécGEE (M.). Die Planimetrie in ausfihrlicher Darstellung und mit 
besonderer Beriicksichtigung neuerer Theorieen. Nebst einem An- 
hange iiber Kegelschnitte. Fiir den Handgebrauch des Lehrers und 
fiir den Selbstunterricht bearbeitet. Hamburg, Meissner, 1896, 8vo. 
8 and 611 pp. Mk. 8.00 


Lacgorx (S. F.). Eléments de géométrie. 25e édition; rédigée confor- 
mément aux programmes de l’enseignement scientifique des lycées 
par M. Prouhet. Paris, Gauthier-Villars, 1897. 8vo. 35 and 211 pp. 


Fr. 4.00 
Leson (E.). Géométrie ¢lémentaire. 2 volumes. Paris, 1896. 8vo. 
264 and 140 pp. Mk. 2.20 


M@GLLER (O.). Tavote di logaritmi con cinque decimali. 5a edizione, 
aume itata delle tavole dei logaritmi d’addizione e sottrazione, per 
cura di M. Rajna. Milano, Hoepli, 1897. 16mo. 36 and 185 pp. 


MULLER (G.). Wissensstoff der elementaren G trie der Ebene und 
des Raumes zur Einfiihrung in das geometrische Rechnen. Schiiler- 
ausgabe. Stuttgart, Kohlhammer, 1896. 8vo. 30pp. Mk. 0.40 
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 Dasselbe. Lehrerausgabe. Stuttgart, Kohlhammer, 1896. 
8vo. 6 and 44 pp. Mk. 1.00 


PARINET (F.). Eléments d’algébre. 4e édition. Paris, Poussielgue, 
1897. 18mo. 188 pp. 


PETERSEN (J.). Methoder og Theorier til Lésning af geometriske Kon- 
struktionsopgaver. 4teudgave. Kjobenhavn, 1896. 120 pp. 
Mk. 


3.80 
——. Geometriske Opgaver til Skolebrug. 7te udgave. Kjébenhavn, 
1896. 8vo. 64 pp. Mk. 1.80 


PROUHET (M.). See Lacrorx (S. F.) 
Rasjna (M.). See MULLER (0O.). 


SICKENBERGER (A.). Vierstellige logarithmisch-trigonometrische Tafei 
zum Schul- und Handgebrauch. 3te Auflage. Miinchen, Acker- 
mann, 1896. 12mo. 20 pp. Mk. 0.20 


TREUTLEIN (P.). Vierstellige logarithmische und goniometrische Tafeln 
nebst den ndtigen Hilfstafeln. Braunschweig, Vieweg, 1896, 12mo. 
4 and 73 pp. Mk. 0.60 


ZIMMERMANN (L.). Die gemeinen oder briggischen Logarithmen der 
natiirlichen Zahlen 1-10009 auf 4 Dezimalstellen, nebst einer Produk- 
tentafel, einer Quadrattafel und einer Tafel zur Berechnung der 
Kathete und Hypotenuse und zur Bestimmung der Wurzeln aus 

quadratischen Gleichungen. Zum Gebrauch fiir Schule und Praxis. 
teen, Reiss, 1896. 8vo. 40 pp. Mk. 0.50 


——. Rechentafeln, welche die Produkte aller Zahlen unter Zehn- 
tausend in alle Zahlen bis Hundert enthalten und daher die Multi- 
plikation und Division mit diesen Zahlen ganz ersparen, bei gro 
seren Zahlen aber zur Erleichterung und Sicherung der Rechnung 
dienen. Liebenwerda, Reiss, 1896. 4to. 16 and 205 pp. Mk. 5.00 


Tafeln fiir die Teilung der Dreiecke, Vierecke, und Polygone. 
2te Auflage. Leibenwerda, Reiss, 1896. 8vo. 64 pp. Mk. 4.00 


Ill. APPLIED MATHEMATICS. 


ADAMs (J.C.). The scientific papers of John Couch Adams, M.A., Sc. 
D., D.C.L., LL.D., F.R.8., late Lowndean Professor of astronomy 
and geometry in the University of Cambridge. Vol. I. Edited by 
W. G. Adams. With a memoir by J. W. L. Glaisher. With a por- 
trait. London and New York. Macmillan, 1896. 4to. 54 and 502 
pp. Cloth. $6.50 


ANToMARI (X.) Cours de géométrie descriptive. Paris, 1896. 8vo. 
Fr. 10.00 


Lecons de statique. Paris, 1896. 8vo. Fr. 2.00 
(R.). See FERRARIS (G.). 


Briccs (W.) and Bayan (G. H.). Elementary text-book of hydrosta- 
tics. 2d edition. London, Clive, 1896. 12mo. 216 pp. 2s. 


CHABANNES LA PALIcE (J. DE). Eléments d’astronomie et de naviga- 
tion. Paris, 1896. S8vo. 224 pp. Fr. 6.50 
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DIESSELHORST (H.). Ueber das Potentia] von Stroémen mit einer An- 
wendung auf das Helmholtzsche Elektrodynamometer. Berlin, 1896. 
8vo. 31 pp. 


FERRARIS (G.) und ARNO (R.). Ein neues System zur elektrischen 
Verteilung der Energie mittelst Wechselstrimen. Weimar, 1896. 
8vo. 31 pp. Mk. 1.40 

FISCHER-HINNEN (J.). Die Wirkungsweise, Berechnung und Kon- 
struktion elektrischer Gleichstrom-Maschinen. 3te, vollstandig um- 
gearbeitete und stark vermehrte Auflage. Ziirich, Raustein, 1897. 
8vo. 12 and 326 pp., 3 plates. Cloth. Mk. 10.80 


GLAISHER (J. W. L.). See ADAmMs (J. C.). 


Hawkins (C. C.) and WALLIs (F.). The dynamo; theory, design, 
manufacture. 2d edition. London, 1896. 8vo. 540 pp. Cloth. 11s. 
KRELt (O.). Hydrostatische Mess-Instrumente. Berlin, 1897. 8vo. 
68 pp. Mk. 3.00 


MARTENS (F. F.). Die magnetische Induktion horizontaler, im Erdfelde 
rotierender Scheiben. Berlin, 1896. 8vo. 42 pp. Mk. 1.20 


Mas! (F.). La teoria dei meccanismi. Bologna, 1896. 8vo. Rg! Des 
24 plates. 

MERCEREAU (H.). Méthode pratique pour la résolution des peocoeee 
de physique élémentaire. 2e édition. Paris, 1896. 8vo. 116 pp. 


PEREIRE (E.). Tables de Vintérét composé des annuités et de 
Vamiortissement. 4e édition. Paris, 1896. 4to. 32 and 156 pp. 
Fr. 10.00 
PETERSEN (C. T.). Navigations-Tabeller. 5te oplag. Christiania, 
1896. 8yvo. 295 pp. Cloth. Mk. 7.50 
PIMENTEL (M. H.). Populaire Handleiding voor Rente- en Levensver- 
zekerings-Berekeningen. ’s Hage, 1896. 8vo. 4 and 112 pp. 
Mk. 2.00 
STEENSTRUP (E.). Laerebog i Elektricitet og Magnetisme. Christiania, 
1896. 8vo. 9 and 295 pp., 25 plates. Mk. 7.00 


Tresca (A.). Notions de mécanique. Paris, 1896. 8vo. 372 pp. 
WALuis (F.). See Hawkrns (C. C.). 


WERNELL (A.). Lifférsiikringen, dess Grunder, Hafel och 
holm, 1896. 8vo. 64 pp., 3 tables. k. 1.50 


